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Abstract: We constructed a mathematical model for analyzing convection heat and 

mass transfer of an incompressible viscous nanofluid through porous disks in the 

presence of metallic nanoparticles for different problems. We compare the results by 

adding the convective boundaries. Governing equations are convert into non-linear 

ordinary differential equations. Numerically  we solve by FD discretization (SOR). 

The influence of different parameters on the heat and mass transfer profiles are 

shown. 

1. INTRODUCTION  

The twenty first century is an era of technological development and has already seen 

many changes in almost every industry. The introduction of nano science and 

nanotechnology by the Nobel Prize winning physicist Richard Feynman in 1959. 

Feynman proposed the concept of micro machines. In 1974 Scientist Norio 

Taniguchi first used the term “Nanotechnology”. 

Began more than a century ago, the great scientist James Clark Maxwell [1] develop 

a theoretical model of the electrical conductivity of solid particles. Since then, the 

classical Maxwell model has been applied while investigation the thermal 
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conductivity of mixtures of solid particles and liquids. However, all these studies 

have been conducted with millimeter or micrometer sized particles. The major 

problem with the use of micro particles is that they settle very rapidly in liquids. 

They also cause abrasion, clogging, and additional pressure drops. Furthermore, 

high particles concentrations are required to obtain appreciable improvements in the 

thermal conductivities of these suspensions. Nanofluids are new class of 

nanotechnology-based heat transfer fluids, obtained by dispersing and stably 

suspending nanoparticles with typical dimensions on the order of 1-10 nm. Many 

talented scientists in the rapidly growing nanofluids community have made 

important scientific discoveries not only in the discovering unexpected thermal 

properties of nanofluids, developing new mathematical models for the nanofluids, 

identifying the unusual opportunities to develop next generation coolants such as a 

smart coolants for computers and safe coolants for nuclear reactors. After that 

Nanofluids (nanoparticles fluids suspensions) coined by Choi [2] in to describe the 

new class of nanotechnology-based heat transfer fluids with augmented thermal 

properties, both superior to the properties of their own hosting fluids and 

conventional fluid suspensions. The goal of nanofluids is to achieve the highest 

possible thermal properties at the smallest possible concentrations (preferably <1% 

by volume) by uniform dispersion and stable suspension of nanoparticles (preferably 

<10 nm) in host fluids. To achieve this goal it is vital to understand how 

nanoparticles enhance energy transport in liquids. As a result, the research regarding 

nanofluids is now receiving increasing interest worldwide, as shown by the 

exponentially increasing number of publications. 

 

Transport in porous medium channel geometry has broad applications in the 

biological, physical and chemical parts for transportation of broad amounts, for 

example, the mass of a liquid, mass of a segment of a phase, seepage, energy and 

momentum, in single and multiphase flow in porous media realm. In mechanical 

procedures, the porous medium is used for enhancing the convection heat and mass 

transfer properties. [3] Convection fluid flow, heat and mass transfer with a porous 

medium happen in power station of numerous design characteristics where cooling 

or heating is required, for example, cooling turbine sharp blades, cooling electronic 

hardware, filtration, warm protection, ground water, oil stream and a wide range of 

heat exchangers. As per some fundamental focal points of utilizing a porous 

medium, first its dissipation region is larger than the usual fins that increase the heat 

convection. Another point is the irregular movement of the fluid flow around the 

individual globules which blends the fluid all the more viably. That’s why; it would 

be the best combination; porous medium and nanofluid, for effective convective heat 

transfer. 
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Flow and heat transfer of nanofluids over a rotating disk with uniform stretching rate 

in the radial direction represented by Yin [4]. Naveed [5] recently work on 

convective heat transfer of Al2O3 nanofluids in porous media on MHD flow of 

nanofluids due to a rotating disk with slip effect. A numerical study working by 

Hayyat [6] also the numerical investigation on heat absorption worked by Anjali and 

Priya [7]. Mehdi et al. [8] presented the investigation of the magnetic field has 

critical reasonable applications in medical and engineering sciences. Numerous 

mechanical sorts of supplies, for example, pumps, bearing, MHD generators, and 

boundary layer flow control are influenced by the connection between a magnetic 

field and electrically conducting fluid. Sheikholeslami et al. [9] analyzed the effect 

of magnetic field in the nanofluid flow in a porous channel. Fakour et al. [10] 

showed an analytical solution for micro polar fluid flow through a channel with 

porous walls. Jashim et al. [11] demonstrated the mathematical modeling of MHD 

thermo solute nanofluid flow in porous medium under the influence of convection 

slip conditions. Hayat et al. [12] presented an analysis of heat transfer on the MHD 

peristaltic flow with porous medium. Sacheti [13] discussed the Brinkman model for 

the steady poisue flow of a viscous incompressible fluid in a porous channel. 

Various researchers have all that much purposeful this idea and the points of interest 

can be found in writing. 

 

To our best knowledge no researcher has yet explored the mass and heat transfer 

characteristics in nanofluid between two orthogonally moving porous disks with 

convection of boundaries. Therefore, in this paper, we consider  the combined effect 

of heat and mass transfer in unsteady laminar incompressible flow of a nanofluid 

between two orthogonally moving porous coaxial disks. A similarity transformation 

is used to reduce the governing partial differential equations to a set of nonlinear 

coupled ordinary differential equations in the dimensionless form, which are 

numerically solved by employing an algorithm based on the Quasi-linearization & 

finite difference discretization. The ease in obtaining the numerical solution using 

the technique makes it superior than the shooting like approach used in our earlier 

investigations. The effects of the governing parameters on the flow and heat transfer 

aspects of the problem are discussed.  

 

 

2.  PROBLEM   STATEMENT  

We consider unsteady laminar viscous flow and heat transfer of an incompressible 

nanofluid (containing TiO2 nanoparticles) between two orthogonally moving porous 

coaxial disks with suction and all the thermo physical properties are assumed to be 
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constant. The base fluid is taken to be water which is in thermal equilibrium with the 

nanoparticles, with no slip occurring between them. The disks have the same 

permeability, move down or up uniformly at a time dependent rate 𝑎′(𝑡), and are at a 

distance 2𝑎′(𝑡) apart. 

 

 

FIG. 1: Physical model of the problem. 

 

The geometry of the problem (shown in Figure 1) suggests that the cylindrical 

coordinate system may be chosen with the origin at the middle of the two disks. 

With u and w being the velocity components in, respectively, the r- and z- directions, 

the governing equations for the problem, taking the viscous dissipation effect into 

account are, 
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Where C is the concentration, p is the pressure, and T is the temperature. 𝛼𝑛𝑓 is the 

thermal diffusivity, 𝜌𝑛𝑓 is the density, 𝑣𝑛𝑓  is the kinematics viscosity of the 

nanofluid, which are given by,   
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where 𝜌𝑓 and 𝜌𝑠 are, respectively, the densities of the solid fractions of the fluid, 

(𝜌𝑐𝑝)𝑛𝑓 is the heat capacitance of the nanofluid, 𝑘𝑛𝑓 is the effective thermal 

conductivity of the nanofluid. 

The boundary conditions are, 
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Here A is the measure of the wall permeability, ℎ𝑓 denotes the heat transfer and the 

dash denotes the derivative w. r. t. the time t. After eliminating the pressure term 

from the governing equations, We introduce the following similarity 

transformations, 
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After simplify the above equations we arrived at, 
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with boundary conditions,          
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Here T1 and T2 (with T1> T2) are the fixed temperatures and C1 and C2 are the fixed 

concentrations of the lower and upper disks respectively, 𝛼 =
𝑎𝑎′(𝑡)

𝑣𝑓
 is the wall 

expansion ratio, 𝑅𝑒 =
𝐴𝑎𝑎′(𝑡)

2𝑣𝑓
 is the permeability Reynolds number, 𝑃𝑟 =

(𝜇𝑐𝑝)𝑓

𝑘𝑓
 is 

the Prandtl number, 𝐵𝑖 =
𝑎ℎ𝑛𝑓

𝑘𝑛𝑓
 is the Biot number, 𝑆𝑐 =

𝑣𝑓

𝐷
 is the Schmidt number 

and 𝑆𝑐 =
𝑈2

(𝑇1−𝑇2)(𝑐𝑝)𝑓
 is the Eckert number, where 𝑈 =

𝑟𝑣𝑓

𝑎2  be the reference velocity. 

It is worthy to note that the continuity Eq. (1) is identically satisfied which means 

that the proposed velocity is compatible with (1) and, therefore, represents the 

possible fluid motion.  
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Finally, we set 𝑓 =
𝐹

𝑅𝑒
, and consider the case following Majdalani et al. [14] 

when 𝛼is a constant, 𝑓 = 𝑓(𝜂), 𝜃 = 𝜃(𝜂) and 𝜒 = 𝜒(𝜂), which leads to 𝐹𝜂𝜂𝑡 =

0, 𝜃𝑡 = 0 and 𝜒𝑡 = 0. Thus we have the following equations, 
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3. SOLUTION FOR THE PROBLEMS  

An inspection of Eq. (13) reveals that it can be readily integrated & becomes, 
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=++−+ fffff
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(17) 

where 𝛽 is the constant of integration to be determined. 

We consider this third order equation as the following system of coupled 1
st

 order &

2
nd

 order ODEs, 
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We solve the above equations along with Eqs. (14), subject to the boundary 

conditions,    

0)1(,1)1(,0)1(,1)1(,0)1(,1)1( ==−==−== qf           (20) 

For the numerical solution of the present problem, we first discretize Eqs. (14) And 

(19) at a typical grid point 𝜂 = 𝜂𝑖  by employing central difference approximations 

for the derivatives. The resultant algebraic system is solved iteratively by SOR 

method, subject to the appropriate boundary conditions given in Eq. (20). On the 

other hand, Eq. (18) is integrated numerically by employing the fourth order Runge 

Kutta method, after every SOR iteration. 

 

It is important to mention that the boundary condition 𝑓(1) = 1 is not needed for the 

above mentioned computational procedure, and can be used in finding the constant 

of integration 𝛽 which is the only unknown as compared to three missing initial 

conditions in the usual shooting approach. In our earlier work, we used trial and 

error method to find 𝛽 but someone dimensional zero finding algorithms may also 

be employed for the purpose. However, the sensitivity of 𝛽 with respect to the 

governing parameters makes it difficult to find 𝛽 and some manual effort is always 

required in every simulation to obtain its desired value. That is why we need some 

alternative approach which does not require finding any unknown and must entirely 

base on the FDM. In this paper, we discuss an alternative approach based on the 

Quasi-linearization of the nonlinear ODEs. 

 

3.1  QUASSI   LINEARIZATION METHOD  

In quasi-linearization, we construct three sequences of vectors {𝑓(𝑘)}, {𝜃(𝑘)} and 

{𝜒(𝑘)} which converge to the numerical solutions of Eqs. (13), (14), and (15), 
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respectively. To construct {𝑓(𝑘)} we linearize Eq. (13), by retaining only the first 

order terms, as follows: 

We set,         
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Now Eq. (23) gives a system of linear differential equations, with {𝑓(𝑘)} being the 

numerical solution vector of the
th

k equation. To solve the linear ODEs, we replace 

the derivatives with their central difference approximations, giving rise to the 

sequence ( )

,
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On the same way, Eq. (14) and (15) are linear in θ and 𝜒, respectively and therefore, 

in order to generate the sequence{𝜃(𝑘)}and{𝜒(𝑘)}, these may be written as, 
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It is important to note that
( 1)k

f
+

is considered to be known in the above equation and 

its derivatives are approximated by the central differences. We outline the 

computational procedure as follows, 
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 Provide the initial guess{𝑓(0)}, {𝜃(0)}and{𝜒(0)}, satisfying the boundary 

conditions given in Eq. (20). 

 Solve the linear system given by Eq. (23) to find  {𝑓(1)}  

 Use  {𝑓(1)}  to solve the linear system arising from the FD discretization of 

Eq. (25), to get  {𝜃(1)} and {𝜒(1)}. 

 Take  {𝑓(1)}, {𝜃(1)}  and  {𝜒(1)}  as the new initial guesses and repeat the 

procedure to generate the sequences {𝑓(𝑘)}, {𝜃(𝑘)} and {𝜒(𝑘)} which, 

converge 𝑓, 𝜃 and 𝜒 respectively, (the numerical solutions of Eqs. (13) and 

Eqs. (14). 

 The two success are generated until 

 max{‖𝑓(𝑘+1) − 𝑓(𝑘)‖, ‖𝜃(𝑘+1) − 𝜃(𝑘)‖, ‖𝜒(𝑘+1) − 𝜒(𝑘)‖} < 10−6 is 

reached. 

 

 

It is important to note that the matrix A (in Eq. (24)) is pentadiagonal & not 

diagonally dominant, and hence the iterative method (like SOR) may fail or work 

very poorly. Therefore, some direct method like LU factorization or Gaussian 

elimination with full pivoting (to ensure stability) may be employed. 

The process of optimization is stopped once the criterion,   

             optTol
tt

 
−

− |
)1()(

|                                                         (27) 

is satisfied subject to t>1 and 𝜇𝜔
(𝑡)

> 1. The iterative process is continued with

opt = until  

 

 

 

Table 1. Water  and Ti (titinium nanoparticles) physical properties. 

Nanoparticles 𝝆(𝒌𝒈𝒎−𝟑) 𝑪𝒑(𝒋𝒌𝒈−𝟏𝒌−𝟏) 𝑲(𝒘𝒎−𝟏𝒌−𝟏) 

H2O 997.1 4179 0.613 

Ti 4250 8.9538 4179 

 

density of the grid points. The coarse grid larger larger values result in a rapid 

convergence while for at fine grid smaller values may be chosen for better 

estimation of 𝜔𝑜𝑝𝑡. 
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Table 2. Dimensionless velocity f(η) on three grid sizes and extrapolated values 

for Re=5, 𝝓 = 𝟎. 𝟎𝟏, α=5, Ec=0.1, and Bi=Sc=0.1. 

𝜼 

f(η) 

1st grid 2nd grid 3rd grid Extrapolated 

(h=0.02) (h=0.01) (h=0.005) values 

0.2 0.3182 0.3197 0.3204 0.3207 

0.4 0.5979 0.6003 0.6016 0.6027 

0.6 0.8131 0.8157 0.8170 0.8174 

0.8 0.9499 0.9516 0.9525 0.9528 

 

 
    

4. RESULTS AND DISCUSSION 

The physical quantities of our interest are the shear stress, heat and mass transfer 

rates at the disks which are, proportional to 𝑓′′(−1), 𝜃′(−1) and 𝜒(−1) 

respectivlely. Due to symmetry of the problem, the results are given only at the 

lower disk. The parameters for the present study are the Reynolds number 𝑅𝑒, the 

nanoparticle volume fraction parameter 𝜙, the wall expansion ratio 𝛼, the Eckert 

number 𝐸𝑐, Biot number 𝐵𝑖 and the Schmidt number 𝑆𝑐. The traditional way of  

studying the fluid dynamics problems is to specify the values of these dimensionless 

groups rather  

 

Than satisfying the particular fluid properties and the domain dimensions. 

Obviously, the results  

 

Table 3. Effect of the nanoparticle volume fraction parameter 𝝓 on 

𝒇′′(−𝟏), 𝜽′(−𝟏) and 𝝌(−𝟏) for Re=-5, Ec=0.1, and Sc=0.1. 

𝝓 
α=5 α=-5 

f′′(-1) θ′(-1) χ′(-1) f′′(-1) θ′(-1) χ′(-1) 

0.00 1.4514 0.0294 -0.4221 1.6008 0.0949 -0.5899 

0.05 1.4484 0.0384 -0.4235 1.600 0.107 -0.5908 

0.10 1.4452 0.1508 -0.425 1.5991 0.4317 -0.5927 

0.15 1.4418 0.3334 -0.4264 1.5982 0.9799 -0.5946 

0.20 1.4382 0.5821 -0.4279 1.5972 1.7568 -0.5965 

 

obtained in this way are applicable to the flow problems with particular values of 

material  properties and the dimensions of the domain, falling in the ranges 
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considered in the present work. It is note that for 𝛼 < 0 or 𝛼 > 0 according to the 

case when the disks are approaching each other  

 

 

 

Table 4. Effect of the wall expansion ratio α on  𝒇′′(−𝟏), 𝜽′(−𝟏) and 𝝌(−𝟏) for 

Re=-5, 𝝓 = 𝟎. 𝟎𝟏, Ec=0.1, and Bi=Sc=0.1. 

 

𝜶 f′′(-1) θ′(-1) χ′(-1) 

-5 -1.6007 5.455 -0.5893 

-3 -1.6538 4.2313 -0.5524 

-1 -1.7647 3.5374 -0.5041 

0 -0.0023 3.2879 -0.5004 

1 1.1898 3.0941 -0.4839 

3 1.5236 2.8418 -0.4523 

5 1.4508 2.7162 -0.4224 

 

or moving away, 𝛼 < 0 or 𝛼 > 0 according to the case when the disks are 

approaching each other or moving away, whereas Re 0 for suction .We shall study 

the effects of the parameters on 𝑓′′(−1), 𝜃′(−1) and 𝜒(−1), as well as, on the two 

velocity profiles 𝑓(𝜂) and 𝑓′(𝜂), the heat profile 𝜃(𝜂)and 𝜒(𝜂). The values in (Table 

1) show the physical properties of TiO2 (nanoparticles) and water H2O (base fluid). 
 
 

 

 

Table 5. Effect of the permeability Reynolds number Re on  𝒇′′(−𝟏), 𝜽′(−𝟏) 

and 𝝌(−𝟏) for 𝝓 = 𝟎. 𝟎𝟏, Ec=0.1, and Bi=Sc=0.1. 
 

Re 
α=5 α=-5 

f′′(-1) θ′(-1) χ′(-1) f′′(-1) θ′(-1) χ′(-1) 

-2 0.8248 1.5877 -0.3509 1.7647 2.7592 -0.5346 

-1 0.467 0.5551 -0.3848 1.5075 0.82813 -0.5041 

0 -0.1589 0.0328 -0.422 1.4289 1.0398 -0.5004 

1 -1.3739 1.5066 -0.4641 1.3898 1.2191 -0.4839 

2 -3.6456 9.7989 -0.5132 1.3472 3.0542 -0.4679 
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Table 6. Effect of the Eckert number Ec on 𝜽′(−𝟏) for Re=-5, φ=0.01, Pr=2.92, 

and Sc=0.1. 

 

Ec 
θ′(-1) 

α=5 α=-5 

0 1.2461 1.5675 

0.3 4.7629 5.99363 

0.5 7.9383 9.98939 

0.8 12.701 15.9834 

1.1 17.464 21.9767 

 

 

(Table 2) shows the numerical solution of the given problem which is solved by 

FDM (SOR) using the MATLAB code. The results concluded that the convergence 

analysis by increasing the step size. Comparison table constructed with different step 

size. Also we concluded that the extrapolated values are close to the exact solution. 

 

 

 

 

 

 

Table 7. Effect of the Schmidt number Sc on 𝝌′(−𝟏), for Re=-5, 𝝓 = 𝟎. 𝟎𝟏, 

Pr=2.92, and Ec=0.1. 

 

Sc 
𝝌′(−𝟏) 

α=5 α=-5 

0 -0.4794 -0.9797 

0.3 -0.7794 -0.6793 

0.5 -1.0387 -1.3387 

0.8 -1.5232 -1.0232 

1.1 -2.1104 -2.1104 

 

 

The effect of the volume fraction parameter 𝜙 by adding the nanoparticles (TiO2) 

with base fluid water. The calculated values on shear stress, heat and mass transfer. 

The shear stress and mass  transfer rate decreased by increasing the volume fraction 

𝜙. But the heat transfer rate remarkably increased by the increased the volume 

fraction 𝜙 for the two cases of as shown in (Table 3). Also we reached the values 
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of shear stress and mass transfer decrease slightly. The effect of the  wall expansion 

parameter on the shear stress as well as heat and mass transfer decrease by 

increasing. Due to symmetry the value of shear stress far away from the center on 

moving the opposite direction of disks similarly the shear stress come close to the 

center if the disks are contract to each other. The lower end of the disks for

( 1, 2, 3) = − − −  decrease the  results of the shear stress but the values increases by 

increasing the values of wall expansion ( 1, 2, 3) = as shown in (Table 4). This 

shows that the values of heat and mass transfer increased by increasing the value of 

𝛼. 
 

 

 

It has been observed that the effect of the suction is to reduce the mass transfer rate 

at the disks whether the disks are approaching to or moving away from each other. 

On the other hand, the Reynolds number Re significantly reduces the shear stress and 

the heat transfer rate in case of approaching disks whereas an opposite trend is noted 

when the disks are moving away as shown in (Table 5). 

 

 

 

 

Table 8. Effect of the Biot number Bi on  𝜽′(−𝟏), for Re=-5, 𝝓 = 𝟎. 𝟎𝟏, Pr=2.92, 

and Bi=Ec=0.1. 

 

Bi 
𝜽′(−𝟏) 

α=5 α=-5 

0.2 -1.9737 -1.0123 

0.4 -1.6735 -1.3793 

0.6 -1.3387 -1.5387 

0.8 -1.2232 -1.7232 

1.0 -1.1104 -2.9104 

 

 

 

The Schmidt number Sc decreases the mass transfer rate for both the cases of , but 

the decrease is more pronounced in case of receding disks, as shown in the (Table 

7). In two cases of  the heat transfer increased large values by increasing the 

Eckert number Ec (viscous dissipation) in (Table 6). 
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 By the values calculated in the (Table 8) we reached at the stage that the heat 

transfer rate increased slightly by increasing the Biot number Bi. The streamlines for 

the present problem are shown in Fig. 2 for the fixed values Re = -5, φ =0.1,α = -5. 

A transition is obvious in the direction of the fluid velocity (that is, from vertical to 

horizontal) from the disks towards the  middle of the domain. It is to mentioned that 

the position of viscous layer (the point 𝜂 = 𝜂𝑖 for which 𝑓(𝜂) = 0) lies in the middle 

of the region between the two disks, that is, in the plane z = 0, due to same amount 

of suctions at the two disks. However, it may shift towards either of the disks for the 

asymmetrical case, which may be a topic of a subsequent study. Moreover, the axial 

velocity takes its dimensionless value -1 at the lower disk and acquires its maximum 

value1 at the upper one, with a point of inflection lying at 𝜂 = 0 (due to the 

symmetry of the problem) where it changes its concavity. There is a major 

qualitative difference in the temperature profiles for the approaching and receding 

disks. The thermal distributions are raised across the whole domain for α < 0  

whereas, in the other case, the profiles are more affected only in the middle of the 

domain 

 

 
Fig. 2: Contour effect for the problem. 
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3(a) 

 
3(b) 

 
3(c) 

Fig. 3: Effect of the Reynold parameter 𝑹𝒆 and wall expansion 𝜶 on velocity profile. 

 

 

and less influenced near the disks. Similarly, the radial velocity is also noted to be 

more affected near the disks for the case α < 0. As a result the shear stress and the 

heat transfer rates at the disks acquire higher values for the approaching disks as 

compared with the receding disks case (as noticed in the tables 2-8). 

 

 

 

volume fraction parameter 𝜙, for both the cases of 𝛼. That is why in the Figs. 3(a) 

and 3(b), we have given the influence of the parameter 𝜙 on the axial and radial 

velocity distribution only, for the fixed values Re = -1, Sc = 0.1, Ec = 0.1 and α = 5 

or -5. Moreover, the temperature initial boundary distribution apart the disks, (and 

hence the heat transfer rate) is not affected pronouncedly by the parameter 𝜙 for α > 

0 whereas the thermal distribution is raised across the entire domain when the disks 

are approaching Fig. 3(c). 
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For the fixed 𝜙 =  0.1, Sc = 0.1 and Bi=Ec = 0.1, the influence of the Reynolds 

number Re and expanding contracting parameter 𝛼 on the axial and radial velocity 

shown Fig. 4(a), 4(b), 4(c) and 4(d). Whereas the concentration profiles are raised 

only in the lower half of the plane (z = 0). For (α < 0) Fig. 6(a), both axial and the 

maximum value of the radial velocity decrease with the Reynolds number. On the 

other hand, the temperature distribution Fig 5(a) increases across the entire domain. 

it has been noted that the velocity profiles are affected by Re in an opposite manner 

as in case of receding disks, but the influence is the same for the concentration 

profiles. The Reynolds number Re tends to eliminate the flattened nature of the 

temperature profile by lower it near the disks and significantly raising in the middle 

of the domain. The influence of the wall expansion ratio α on the velocity, 

temperature and concentration profiles is given in the (Figures 4-6) for the fixed 

𝜙 =  0.1, Ec = 0.1, Bi=0.1, Sc = 0.5 and Re = -1. As 𝛼 varies from negative to 

positive, the magnitude of the axial velocity increases on the entire domain, whereas 

the radial velocity increases only in the middle of the disks while decreasing near the 

disks. On the other  

 

 
4(a) 

 
4(b) 

 
4(c) 

 
4(d) 

Fig. 4: Effect of the Reynold parameter 𝑹𝒆 and wall expansion 𝜶 on velocity profile. 
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hand, the temperature profiles are remarkably lowered near the disks, and raised for 

a small region approximately (-0.4 < η < -0.1), On the other hand the concentration 

profiles are raised only in the lower half of the plane z = 0. For the fixed Re = -1, 

𝜙 =  0.1 and Bi=Ec = 0.1, Fig. 6(c,d) give the influence of the Schmidt number on 

the concentration profile for 𝛼 = ±5. It is noted that for the approaching disks, the 

concentration profiles are lowered only in the lower half of the plane z = 0 and the 

trend is reversed for the receding disks. 

The effect of the Eckert number on the thermal characteristics of the problem is 

presented in the Fig. 5(c), for the fixed Re = -1, 𝜙 =  0.1 and Bi=0.1. For the 

approaching disks, the temperature profiles are raised across the whole domain 

whereas, in the other case, the profiles are not much 

affected near the disks. As a result the heat transfer rate at the disks is quite low for 

different Ec in case of 𝛼 > 0. 

Finally, the effect of the Biot number on the thermal characteristics of the problem is 

presents in the  Fig.5(d), for fixed Re = -1, 𝜙 =  0.1 and Ec = 0.1. It shows good 

result when increase the Biot number temperature decrease, which is beneficial in 

the field of electronics because we  can reduce the heat effects which are harmful for 

electronic appliance. 

 

 

 

5. CONCLUSION 

In this paper, we have find the numerically results that how the governing 

parameters, namely the Reynolds number Re, the nanoparticle volume fraction 

parameter 𝜙, the wall expansion ratio 𝛼, the Eckert number Ec, Biot number Bi and 

the Schmidt number Sc influence the flow and heat transfer characteristics of the 

unsteady, laminar, incompressible flow of a nanofluid (containing TiO2 solid 

nanoparticles) between two orthogonally moving porous coaxial disks with suction. 

It is noted that the temperature distributions are raised across the whole domain for 

the approaching disks whereas, in the other case, the distributions are more affected 

only in the middle of the  
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5(a) 

 
5(b) 

 
5(c) 

 
5(d) 

Fig. 5: Effect of the Reynold parameter 𝑹𝒆, wall expansion 𝜶 , Pr and Biot number Bi 

on temperature profile. 
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6(a) 

 
6(b) 

 
6(c) 

 
6(d) 

Fig. 6: Effect of the Reynold parameter 𝑹𝒆, wall expansion 𝜶 and Biot Schemidt number on mass 

transfer profile. 

 

 

domain, and less influenced near the disks. Similarly, the radial velocity is also 

noted to be more affected near the disks for the approaching disks. As a result the 

shear stress and the heat transfer rate acquire higher values for the approaching 

disks, compared with the receding disks case. Moreover, for both the cases of the 

disks, the addition of the nanoparticles to the water has no significant influence on 

the shear stresses and the mass transfer rates at the disks. It is only the heat transfer 

rate which is affected the most. Finally, it is important to mention here, that the heat 

transfer characteristics of the nanofluids are not yet fully explored, and that is why 

complementary works are necessary to identify new and unique applications of these 

fluids. 
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Abstract: The main purpose of this note  is to introduce associative algebra ring 

and non-associative Lie algebra have a common region. Of this common region we 

present the area which is commutative. 

 

 

INTRODUCTION  

It has been known, long ago, that some non-associative algebra, for instance Lie 

algebras, have important applications in Physics. In fact, many important classes of 

non-associative algebras, as Jordan algebras, have been originated in a Physics 

http://dx.doi.org/10.22039/cjcme.2017.06
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frame or have had a big development due to their applications in Physics. This is the 

case of Kac-Moody algebras (mainly affine algebras), vertex algebras or mutation 

algebras. 

 

Some other non-associative algebra has been considered in relation to Differential 

Geometry (see [3]) or differential equations. For instance Lotka-Volterra algebras 

are associated to quadratic differential equations systems that appear in gas cinetic 

or populations dynamic (see [1] or [2]). Genetic algebras appear in a Biological 

context, when one tries to formulate in an algebraic way the transmission of some 

characters in a random mate of populations (see [4]).One of the most spectacular 

applications has been achieved with the use of non-associative algebras technics to 

solve problems in Group theory. The most significant example is the solution to the 

Restricted Burnside problem using ideas and results of Lie and Jordan algebras. 

According to [5],  there are two important classes of non-associative structures: Lie 

structures (introduced in 1870 by the Norwegian mathematician Sophus Lie in his 

study of the groups of transformations) and Jordan structures (introduced in 1932-

1933 by the quantum mechanics German specialist Pasqual Jordan in his algebraic 

formulation of quantum mechanics).  Jordan structures also appear in quantum 

group theory, and exceptional Jordan algebras play an important role in recent 

fundamental physical theories, namely, in the theory of super-strings (see [6]). 

Non-associative algebras are currently a research direction in fashion. In R. 

Iordanescu [5] new developments show that associative algebras and Lie algebras 

can be unified at the level of Yang-Baxter structures.  

Recently, Brian C. Hall[7] mentions it can be shown that every Lie algebra  L can be 

embedded into some associative algebra  R  in such way that the bracket on  L 

corresponds to the operation  xy-yx  in   R . 

Throughout the present paper R will denote an associative ring with center Z(R).  

For any x, y ∈ R the symbol [x,y] represents commentator  xy - yx. Recall that a ring 

R is prime if xRy = 0 implies x = 0 or y = 0, and semiprime if  xRx = 0 implies x = 

0.  In fact, a prime ring is semiprime but the converse is not true in general . A 

finite-dimensional Lie algebra is a finite-dimensional vector space L over a field F 

together with a map [•, •] : L × L → L, with the following properties: 
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 (1) [•, •] is bilinear: [x + v, y] = [x, y] + [v, y] for all x, v, y ∈ L and [αx, y] = α[x, y] 

for all x, y ∈ L and  α ∈ F, [x, y + w] = [x, y] + [x,w] for all x, y, w ∈ L and [x,βy] = 

β[x, y] for all x, y ∈ L and β ∈ F. 

(2) [•, •] is skew-symmetric: [x, x] = 0 for all x ∈ L. 

(3) The Jacobi identity holds: [x, [y, z]] + [y, [z, x]] + [z,[x, y]] = 0 for all x, y, z ∈ 

L.  

A Lie algebra L is called semisimple if the only commutative ideal of L is {0}.  

Given a Lie algebra L, it be the following descending sequences of ideals of L; 

 (Central series) L ⊃ [L, L] = L1 ⊃ [[L, L],L] = L3 ⊃ [L3, L] = L4 … [Lk-1, L] = Lk 

…. (i)  

( Derived series)  L ⊃ [L, L] = Lʹ ⊃ [Lʹ, Lʹ] = Lʹʹ …⊃ [L(k-1), L(k-1)] = L(k) ⊃ … (ii). 

A Lie algebra is called nilpotent (resp. solvable) if Lk = 0 (resp. L(k)  = 0) for k 

sufficiently large. Every nilpotent Lie algebra is soluble, a Lie algebra L over a field 

F is called semisimple if it has no soluble ideals other than 0.  A Lie algebra L is 

associative if  [L, [L, L]] = 0.  

In fact, any abelian or nilpotent Lie algebra is solvable Lie algebra and every 

solvable Lie algebra is semisimple Lie algebra. An R-module M is called Artinian if 

it satisfies the descending chain condition (DCC) for submodules.  A ring R is called 

left-Artinian if RR is an Artinian module.  A ring R with 1 is semisimple, or left 

semisimple to be precise, if the free left R-module underlying R is a sum of simple 

R-module.  In this note we will determine whether   the associative algebra ring and 

non-associative Lie algebra have a common region.  

 In other words, we found the area which is commutative where the working 

becomes easier by transports some problems from  non-associative  Lie algebra to 

that area.  In fact, this area is the center of semiprime rings.  
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2. THE   MAIN RESULTS 

 

Theorem 2.1 

 Let R be associative algebra  semiprime ring with Z(R), L is non associative 

semisimple Lie algebra  and λ  be automorphism  mapping  such that λ : L→ Z(R),  

then Z(R)  is common  region between  L and R. 

Proof:  Let x ∈ L, since the additive mapping λ : L→ Z(R), that means λ(x) ∈ Z(R).  

Where we knowledge that Z(R) is ideal of R. Then x ∈ Z(R), where λ  be 

automorphism  mapping , that is meaning  

[x, r] = 0 for all r ∈ R.  

Replacing r by λ(y), y ∈  L.  

 

We achieve the following relation 

[x, λ(y)] = 0 for all x, y ∈ L.  

According to the fact that R has no non-zero nilpotent left (right/two-sided) ideals, 

with the note that x, y ∈  Z(R) ⊂ R and λ is automorphism  mapping , we obtain 

L1 = [L, L] = 0. 

L2 = [L, L1] = [L,[L, L]] = 0. 

L3 = [L, L2] =[ L, [L, [L, L]]] = 0, …., Ln = 0, for some n ≥ 1. 

Then L is a nilpotent Lie algebra, where any abelian or nilpotent Lie algebra is 

solvable Lie algebra, which means L is non associative semisimple Lie algebra as 

required.  

It is clear we have non associative semisimple Lie algebra inside Z(R) which 

considers associative algebra.   

 

In 1974, Thomas W. Hungerford [9] mention of his book in page (446),  left 

Artinian  semiprime rings are also semisimple rings.  
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Note that in paper[8], the author proved his Corollary (17.5), which state for any 

ring R the following are equivalent: 

(i) R is semiprime. 

(ii) R has no non-zero nilpotent left (right/two-sided) ideals. 

In other words, according to above  result, the left- Artinian  semisimple rings  has 

no non-zero nilpotent left (right/two-sided) ideals. 

 Therefore by use same technique in Theorem 2.1, we can prove the following 

results.  

 

Theorem 2.2 

Let R be associative algebra left Artinian  semisimple  ring with Z(R) is an ideal of  

R and L is non associative semisimple Lie algebra  and  λ be automorphism  

mapping  such that  λ : L→ Z(R), then L and R  have common region. 

 

Corollary 2.3 

 Let R be associative algebra  prime ring with  Z(R), L is non associative semisimple 

Lie algebra  and λ  be automorphism  mapping  such that  λ :  L→ Z (R), then Z(R)  

is common  region between  L and R.  
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